Hopf (bi-)modules and crossed modules over a bialgebra B in a braided monoidal category C are considered. The (braided) monoidal equivalence of both categories is proved provided B is a Hopf algebra (with invertible antipode). Bialgebra projections and Hopf bimodule bialgebras over a Hopf algebra in C are found to be isomorphic categories. A generalization of the Majid-Radford criterion for a braided Hopf algebra to be a cross product is obtained as an application of these results.
Introduction
For bialgebras over a eld k the smash product and the smash coproduct are investigated extensively in the literature Rad, Mol] . Let H be a bialgebra, B be an H-right module algebra and an H-right comodule coalgebra. If the smash product algebra structure and the smash coproduct coalgebra structure on H B form a bialgebra then Radford Rad] speaks of an admissible pair (H; B). It is noted by Majid Ma1] that in the work Rad] the notion of a crossed module implicitely occurs as one of the conditions for a pair (H; B) to be admissible. Crossed modules have been explicitely investigated in Yet, RT] where the connection to knot theory and quantum groups was exhibited. Hopf bimodules are a special form of Hopf modules and appear as the basic notion in Woronowicz's approach to di erential calculi on quantum groups Wor] where they are called bicovariant bimodules. A connection of Hopf bimodules and crossed modules in terms of a choosen basis over k has been found in Wor] . For a symmetric monoidal category which admits (co-)equalizers, a coordinate free version of Woronowicz's result was found in Sch] . The main theorem in Sch] states the equivalence of the category of Hopf bimodules and the category of crossed modules over a particular Hopf algebra.
In the present paper we generalize this result to arbitrary braided monoidal (base) categories C.
The fundamental theorem of Hopf modules in braided categories Lyu2] will be proven without the assumption of the existence of (co-)equalizers but with the help of the weaker condition that idempotents in C split. We recall the results of B2] on crossed modules and de ne Hopf bimodules in the braided monoidal category C. Then we prove in particular the (pre-)braided monoidal This work was supported by the International Science Foundation under grant U4J200 y Supported in part by a DFG research fellowship under grant Dr-288/1-1 equivalence of the category of Hopf bimodules and the category of crossed modules over a Hopf algebra H in C. We nd a connection of the bialgebra projections over a Hopf algebra H (with isomorphic antipode) and the bialgebras in the category of H-Hopf bimodules. Both categories are isomorphic. One of the consequences of this theorem is the very natural description of (braided) admissible pairs (H; B) in terms of the objects B which are just the bialgebras in the category of Hcrossed modules. Another application of the results of this paper is the construction of (bicovariant) di erential calculi on braided Hopf algebras in an abelian, braided monoidal category. This will be published elsewhere. The paper is organized as follows. In Section 2 we recall basic notations on braided monoidal categories. We give a short introduction to the graphical calculus Ma4, Ma5, Yet, B2, Dra] . In Section 3 the de nition of a Hopf module over a bialgebra B in the braided monoidal category C is given and under the assumption that C admits split idempotents we introduce for any Hopf module over the Hopf algebra H the idempotent which is fundamental for what follows. The Structure Theorem of Hopf modules Swe] will be proved, which states that the Hopf modules over H are braided monoidal equivalent to the category C itself. As a sidestep we give similar results for two-fold Hopf modules over H which have been investigated for the symmetric case in RT, Sch] .
In Section 4 we recall results of B2] on crossed modules in braided monoidal categories. We give the notion of Hopf bimodules over a bialgebra B. In the main theorem of Section 4 we prove the (pre-)braided monoidal equivalence of Hopf bimodules and crossed modules over a Hopf algebra H in C. This is a braided equivalence if the antipode of H is an isomorphism. Section 5 is devoted to the investigation of bialgebra projections over the Hopf algebra H. We prove that the category of bialgebra projections and the category of Hopf bimodule bialgebras over H are isomorphic. As a consequence of this theorem the H-admissible objects, i.e. the objects B in C which together with H form a braided admissible pair (H; B), are found to be the bialgebras in the category of crossed modules over H. In the appendix we explain what we mean by canonical splitting of idempotents. This is a technical assumption which provides functoriality of our constructions.
Preliminaries

2.1
Throughout the paper C := (C; ; 1; ; ; ; ) is a braided monoidal category FY, JS] where is the tensor product (bifunctor), 1 is the unit object, is the natural isomorphism which rules the associativity of the tensor product, and are the natural isomorphisms for the right and left tensor multiplication with the unit object respectively, and is the braiding. By Mac Lane's coherence theorem Mac], C is equivalent to a strict monoidal category, i.e. a category where ;
and are identity morphisms. This allows us to neglect the morphisms ; and in most of the calculations. We suppose that the reader is familiar with the notion of (co-)algebras, (co-)modules and bi-(co-)modules in monoidal categories Swe, Ma4, Ma2, Ma3] . We assume (co-)associativity and the existence of a (co-)unit henceforth. In a braided monoidal category the tensor product of two (co-)algebras is again a (co-)algebra; the multiplication m U V and the unit U V of two algebras (U; m U ; U ) and (V; m V ; V ) is given through
(1) The coalgebra structure of the tensor product of two coalgebras is obtained in the dual symmetric manner, i.e. by reversing the order of the composition of morphisms, and by replacing the multiplication m by the comultiplication and the unit by the counit ". A bialgebra (B; m; ; ; ") in a braided monoidal category C is an algebra (B; m; ) and a coalgebra (B; ; ") where and " are algebra morphisms Ma2, Ma3] . A Hopf algebra (H; m; ; ; "; S) in C is a bialgebra together with the antipode S : H ! H such that m (id H S) = m (S id H ) = " : Every bialgebra (B; m; ; ; ") in C is a bi-(co-)module through the regular action m and the regular coaction . The tensor product of two (co-)modules over a bialgebra B admits two kinds of (co-)actions. For instance the diagonal action of two right modules (X; X r ) and (Y; Y r ) is given by
and the action induced by Y is given through
(Dually) analogue all other types of diagonal (co-)actions and induced (co-)actions are de ned. In the following also the (co-)adjoint (co-)action will be used; for completenes we recall the basic properties of it. Let H be a Hopf algebra in C and let (X; r ; l ) be an H-bimodule then X becomes a right H-module through the right adjoint action
Similarly the left adjoint action is de ned. 
2.2
In what follows we often use graphical notation for morphisms of monoidal categories Ma4, Ma5, Yet, B2, Dra] . The graphics for (co-)multiplication, (co-)unit, antipode, left and right (co-)action, and braiding is given in Figure 1 . As an example the graphical representation of the associativity, the counit property, the bialgebra axiom for the multiplicativity of the comultiplication and the antipode property of an algebra, a coalgebra, a bialgebra, and a Hopf algebra respectively, are listed in C can be realized as the category with objects X e = (X; e), where X is an object in C and e : X ! X is idempotent, e 2 = e. In a monoidal category D which admits split idempotents the category of (co-)modules over a (co-)algebra admits split idempotents. In anticipation of Section 4 similar facts hold for the categories of crossed modules and of Hopf (bi-)modules over a bialgebra in a braided monoidal category which admits split idempotents.
From now on we assume that the category C is braided monoidal and admits split idempotents.
Moreover, we assume that for any idempotent e = e 2 : X ! X an object X e and morphisms i e : X e ! X, p e : X ! X e are chosen ia a certain canonical way as explained in the appendix.
This provides functoriality of our constructions.
3.2
De nition 3.2.1 A left Hopf module (resp. right-left Hopf module) X over a bialgebra B in C is a left (resp. right) B-module and a left B-comodule such that the action is a comodule morphism, where the regular (co-)action on B and the diagonal tensor (co-)action on the tensor product of X and B is used. I.e. besides the (co-)module relations for X a "polarized" version of the bialgebra axiom holds:
Left (resp. right-left) Hopf modules together with the left-(resp. right-)B-module-left-B-comodule morphisms form the category of Hopf modules which will be denoted by B B C (resp. B C B ). Similar de nitions yield all other combinations of Hopf modules.
It follows directly from the de nition that any bialgebra B is a Hopf module over itself with the regular action and the regular coaction. In the next proposition the idempotent will be introduced which will be used later to construct a tensor product for Hopf (bi-)modules.
Proposition 3.2.1 Let H be a Hopf algebra in C and (X; l ; l ) be a left H-Hopf module. Then it holds:
1. The morphism X : X ! X de ned through
is an idempotent in End C (X). ?! H X
are equalizer and coequalizer respectively. Hence H X is at the same time an object of invariants and coinvariants of X.
Proof. Figure 4 shows that l X = X . In a dual way one obtains X l = " X . This immediately implies that X is an idempotent.
Let f : X 0 ! X be any morphism such that l f = f : X 0 ! H X. Then f = X f = X i ( X p f). Since X i is monomorphic this proves the universality of H X Xi ?! X as equalizer. In an analogous manner the universality of X p as coequalizer will be proved.
3.3
Before we investigate the relation between H H C and C we provide some useful results. Lemma 3.3.1 Let B be a bialgebra in C, X be a left B-Hopf module and Y be an object in C. 
The second (resp. the fourth) identity uses the fact that f is a module (resp. comodule) morphism.
Since B is bialgebra it holds B n f = B n g () f = g. Lemma 3.3.3 Let H be a Hopf algebra in C and X be an H-Hopf module. According to Proposition 3.2.1 and Proposition 3.3.2 the tensor product H H X is an H-Hopf module. Then the morphisms
are mutually inverse Hopf module morphisms.
Proof. The proof of X X = id X is rather simple. Using the de nition of a Hopf module and the properties of the morphisms X i and X p according to (7) one obtains
The Hopf module properties of X and X are obvious. 
3.4
Let A be an algebra in the category C then the tensor product over A of a right A-module U and a left A-module V is de ned (up to isomorphism) as the coequalizer H U;V : U V ! U A V of the morphisms U r id V and id U V l if it exists. Dually to this construction is the notion of the cotensor product over C of a right C-comodule P and a left C-comodule Q, denoted by C P;Q : P C Q ! P Q if it exists, where C is a coalgebra in C.
The next proposition provides existence criteria for a (co-)tensor product over a Hopf algebra in 
3.5
In case H is a Hopf algebra in C it is possible to de ne a braided monoidal structure on the category In fact using Lemma 3.3.1 and H ( H H C X Y ) = H X HY yields the desired identity. These results provide us with the necessary techniques to proof the following theorem. 
are compatible (in the usual sense) with the unit objects, the associativity of the tensor products, the isomorphisms which rule the left and right unit tensor multiplication, and with the braidings. Thus C = H H C are braided monoidal equivalent categories.
Two-fold Hopf modules
Very similar to the previous considerations on Hopf modules are the results on two-fold Hopf modules. A generalization to Hopf bimodules, however, needs a little more care since one has to take into account the compatibility between right module and right comodule structure, but the results derived up to now induce the monoidal properties of Hopf bimodules for instance. This will be performed in detail in Section 4.
De nition 3.6.1 Let B be a bialgebra in C. A two-fold Hopf module X = (X; l ; r ; l ) is an object which is a B-bimodule in the category of left B-comodules, or in the language of Hopf modules: X 2 Ob( B B C) and X 2 Ob( B C B ). 
Proof. The rst identity of (20) holds because X is an intertwining operator between the action l and the trivial action. The second identity uses the Hopf module compatibility conditions and the fact that the antipode is a coalgebra anti-homomorphism. 
Crossed Modules and Hopf Bimodules
In the rst part of Section 4 we recall some results of B2] on crossed modules in braided monoidal categories. Then Hopf bimodules in C will be introduced and a theorem will be proved which states 
where X; Y 2 Ob(DY (C) B  B ) . If H is a Hopf algebra with isomorphic antipode in C then DY (C) H H is braided, i.e. the inverse of (22) 
4.2
In the next de nition Hopf bimodules in the braided monoidal category C will be de ned. In the case of bialgebras over a eld k they appear in the construction of bicovariant di erential calculi over a Hopf algebra Wor]. Through the generalization to braided categories (see below) it is possible to construct (bicovariant) di erential calculi in such categories; this will be demonstrated in a forthcoming paper. See also B3] on the construction of a rst order di erential calculus on the dual quantum braided matrix group.
De nition 4.2.1 Let B be a bialgebra in C. An object (X; r ; l ; r ; l ) is called a B-Hopf bimodule if (X; r ; l ) is a B-bimodule, and (X; r ; l ) is a B-bicomodule in the category of B-bimodules, where the regular (co-)action on B and the diagonal (co-)action on tensor products of modules are used. Hopf bimodules together with the B-bimodule-B-bicomodule morphisms form the category which will be denoted by B B C B B .
Example 4.2.1 Any bialgebra B is a Hopf bimodule over itself if the regular actions and coactions l := m =: r and l := =: r respectively are used. In the following proposition an analogue of Lemma 3.3.1 and Proposition 3.3.2 will be proved for crossed modules and Hopf bimodules. Proof. The bi-(co-)module axioms for X Y are easily checked. By Lemma 3.3.1 X Y is a left BHopf module. The compatibility conditions for the pairs ( l ; r ) and ( r ; l ) are straightforwardly veri ed by the use of the Hopf bimodule properties of X and by (co-)associativity of B. The proof of the right B-Hopf module axiom is performed in Figure 7 . In the rst equation of Figure 7 it is made use of the Hopf bimodule properties of X and the (co-)associativity of B. The result in the second equation can be shown with the help of the crossed module axiom for Y according to S X=H X = X X = X S X=H S X=H X = X X = X S X=H (24) and (25). Proof. The Hopf bimodule properties, Proposition 3.2.1 (and its mirror reversed version) and the deduced identities ( X id H ) X r X i = X r X i and p X X l (id H X ) = p X X l immediately imply statements (1), (2), (3) 
Furthermore (H; B; B ; " B ) is a bialgebra projection on H.
There also exists a correspondence of Hopf algebra structures. For any Hopf algebra projection Figure 8 where the morphisms B , B i and B p are used. The left hand side of (36) Figure 9 . In the rst equation of Figure 9 it is used that B is a Hopf bimodule. The second equation exploits again
Hopf bimodule properties and Proposition 3.2.1. and g n A f = m U (g f) for the corresponding unique morphism.
If X is at the same time a right H-module algebra and a right H-comodule coalgebra such that the smash product and the smash coproduct (realized on H X) are compatible in such a way that H n X := (H X; m n ; n ; n ; " n ) is a bialgebra in C then we say, in the sense " X m X = " X " X ; " X X r = " X " H ; X X = X X ; X r X = X H ; (38) " X X = id 1
From (38) Example A.0.1 There exist two canonical splittings of idempotents for the category Vect k of vector spaces over a eld k (as well as for any abelian category). With any idempotent e 2 End k (X) one connects two isomorphic objects im e (a subspace of X) and coim e (a factorspace of X 
